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Abstract
Fano resonance appears for conduction through an electron waveguide containing donor impu-
rities. In this work, we consider the thin-film conducting chiral helimagnet (CCH) as the donor
impurity in a one-dimensional waveguide model. Transmission and conductance for arbitrary CCH
spiral period are obtained. Due to the spin spiral coupling, interference between the direct and
intersubband transmission channels gives rise to spin-dependent Fano resonance effect. The spin-
dependent Fano resonance is sensitively dependent on the helicity of the spiral. By tuning the
CCH potential well depth and the incident energy, this provides a potential way to detect the spin
spiral period in the CCH.
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I. INTRODUCTION
Fano resonance, characterized by resonant reflection results from constructive and de-
structive interference of two quantum paths across localized and extended states1–3. It is
a universal effect existing almost in all interfering quantum processes independent of the
specific details of the system under study. The interfering paths can be formed by spatial
inhomogeneity as well as time-dependent oscillation. Subsequent to its discovery, there have
been a great number of studies devoted to Fano resonances in various quantum systems,
such as Anderson impurity systems4, quantum dots5–7, scattering from a donor impurity in
an electron waveguide,2,8, tunneling through an AlxGa1−xAs barrier
2,9, transmission through
a waveguide linked to a resonant cavity2,10, spin inversion devices11, nanowires and tunnel
junctions12 and etc.3. Recently, the Fano resonance has been found13 in plasmonic nanopar-
ticles, photonic crystals, and electro magnetic metamaterials. The steep dispersion of the
Fano resonance profile promises applications in sensors, lasing, switching, and nonlinear and
slow-light devices13.
Chiral helimagnets are static magnetic states sustained in various materials lacking rotoin-
version symmetry with Dzyaloshinkii-Moriya (DM) antisymmetric exchange interaction14. It
is also the ground magnetic structure of most multiferroic materials. Recently, the spatial-
dependent spin structure were exploited in different functional devices such as persistent
spin currents15, spin-field-effect transistor16, tunneling anisotropic magnetoresistance17, spin
resonance14 and spin diffraction18–20. It has been shown that different transverse tunnels
of transmission are coupled in free electron and spiral helimagnet hybrid structures18–20.
A possible experimental candidate of a conducting chiral helimagnet (CCH)21, where free
electrons are coupled with the background helimagnetic texture via the sd-type interaction
is currently available in21 Cr1/3NbS2. The sd-exchange interaction gives rise to a spatial
dependent Zeeman energy. We consider a quasi-one-dimensional wave guide containing a
thin CCH well and investigate the transport properties in it. When the CCH film acts as
a donor impurity with a space-dependent potential in the spin space, spin-dependent Fano
resonance occurs. In the electron waveguide configuration, Fano conductance is sensitively
dependent on the CCH helicity, which provides a potential measurement of the spin spiral
period in the CCH.
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II. THEORETICAL FORMULATION
The device we propose is a quasi-1D electron waveguide embedded with a thin layer of
CCH acting as a donor impurity, which is depicted in Fig. 1. The Schro¨dinger equation
describing scattering in such a device is
[
− ~
2
2m
∇2 + Vc (x) + Vsc (x, z)
]
ψ (x, z) = Eψ (x, z) . (1)
Confining potential Vc (x) of the wave guide is an infinite square well across the x-direction,
with eigenstates
φn (x) =
√
2/a sin (npix/a) , (2)
and corresponding subband energies
εn = ~
2pi2n2/2ma2 (3)
with n the subband index and m the free-electron mass. We consider an ultrathin CCH
layer, that is, the localized spin-dependent scattering potential can be approximated by a
Dirac-delta function as
Vsc (x, z) =
(
J˜nr · σ − V0d
)
δ (z) , (4)
where J˜ is the sd-type exchange coupling strength between free electrons and the background
spin texture, n
r
= [sin q¯x, 0, cos q¯x] is the local magnetization direction with q¯ = 2pi/λ the
spin wave vector of the spiral (λ is the spiral period), σ is the Pauli vector, and V0 and d
are depth and width of the potential well, respectively22. Arbitrary spiral periods λ relative
to the waveguide width a can be considered as λ = (fa)/l with f and l arbitrary positive
integers.
Using the waveguide eigenstates {φn} as the expanding basis of the wave function ψ (x, z),
Eq. (1) can be converted to a set of linear equations. In the matrix formulism, the equations
are2,23 [−2iKαβmn + V αβmn]T βγnl = −2iKαγml , (5)
where Kαβmn = kmδmn ⊗ Iαβ is elements of the diagonal matrix of wave vectors with km =√
2m (E − εm)/~ and is extended to the wave-spin product space. Also, elements of the
spin-dependent interband transition matrix
V αβmn =
2m
~2
〈φαm| J˜nr · σ + V0d
∣∣φβn〉 , (6)
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where
|φum〉 = ψm ⊗

 1
0

 , ∣∣φdm〉 = ψm ⊗

 0
1

 , (7)
expressed in the σy representation with spin
(
1 0
)T
state parallel to the y-coordinate
and vice versa. Expressions of V αβmn are provided in the Appendix for reference. When the
embedded CCH spiral shifts the sinusoidal phase by φ as n
r
= [sin(q¯x+ φ), 0, cos(q¯x+ φ)],
V αβmn can be analogously obtained. Similarly, the procedure can be extended to spin spirals
spanned in different space planes and three-dimension spirals.
In Eq. (5) Einstein notation is employed with the upper and lower footnotes indexing the
spin and subband elements respectively. Therefore, the spin-dependent transmission ampli-
tudes T βγnl can be obtained from Eq. (5) by matrix algebra. Here T
βγ
nl denotes transmission
amplitudes from the l-th subband with spin-γ polarization to the n-th subband with spin-β
polarization. Accordingly, the reflection amplitudes can be obtained by
R =
{
[2iK−V]−1V}Trans. (8)
Indexes of matrixes K, V, and T are defined in Eq. (5). Elements of R are defined following
that of T. Footnote “Trans” indicates the transpose of the matrix. The spin-dependent
conductance can be calculated from the two-terminal Landauer formula2,
Gα =
e2
h
∑
mnβ
(
km
kn
)
T ∗αβmn T
αβ
mn, (9)
where α indexes the spin-up or down channel and the m and n are summed only over the
propagating modes.
The above derivation used the σy-representation, which gives rise to spin-up and down
symmetry in all the transmissions, i.e. T uu = T dd, T ud = T du, and thus Gu = Gd. If
we consider ferromagnetic leads polarized in arbitrary directions, that symmetry would not
survive. Take the σz-representation as the simplest alternative, we have
T σz = UT σyU−1, (10)
with
U =
1√
2

 1 1
1 −1

 , (11)
4
transforming the spin space. Similarly, results of arbitrary ferromagnetic polarization can
be obtained using different U -matrixes. Spin channels can thus be distinguished in the
conductance.
III. NUMERICAL RESULTS AND INTERPRETATIONS
We consider the transmission properties of the CCH-layer-embedded quasi-1D electron
waveguide. In numerical calculations, the sd-exchange coupling strength J˜ = 61.725 meV ·
nm, which is reasonable compared to other energy scales in the considered system. In
our model, the width of the waveguide a = 5 nm and the CCH spiral period λ can vary
continuously from a/2 to 18a with the spiral vector q¯ = 2pi/λ. Namely, λ = 2.5 nm to 90
nm, which spans from short-period spirals (3 ∼ 6 nm) to long-period spirals (18 ∼ 90 nm),
which are typical values from experimental observation24. Potential well width of the CCH
plane d = 2 nm and the potential well depth can be continuously tuned by gate voltages
applied on the CCH layer22.
We set the incident energy E between the first and second subbands of the waveguide
with the eigen-energies ε1 ≈ 15 and ε2 ≈ 60 meV. When the lateral width of the waveguide
is small giving rise to large energy spacing between subbands, the two-subband cutoff is an
acceptable approximation. Thus we neglect all but the first and second subbands and solve
the resulting 4× 4 matrix equation. So that the only incident wave is in the lowest subband
with either spin component.
When a spiral helimagnet layer, conducting or insulating, is contained in a 2D waveguide
or in free space transport, spin-dependent diffraction can be seen20, i.e., spin-spiral wave
vectors are added to or subtracted from the incident momentum wave vector and the electron
is diffracted to different directions with spin reoriented. However, in a quasi-1D waveguide,
diffraction is not sustained due to mode connection on the two sides of the CCH layer. In
this situation, spin-dependent interband transition produces interference between direct and
intersubband transmission channels resulting in the Fano resonance.
To demonstrate the Fano residence, we give numerical results of the transmission and
conductance for skipped values of the CCH spiral period λ = a/2, a, 2a, 4a, and 6a in
Figs. 2 to 5. As the inter-subband scattering potential acts in the spin space, difference
between the spin-conserved and spin-flipped transmission is prominent. Spin polarization
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of the incident electron depends on the reservoirs at the ends of the waveguide. In our
approach, σy-representation is used, which gives rise to spin-up and down symmetry in all
the transmissions, i.e. T uu = T dd and T ud = T du. This symmetry would be modified when
the incident spin polarization is not (anti)parallel to the y-direction.
It is known that the transmission probability of a waveguide embedded with a plane
δ-potential well or barrier is 4k21
/[
4k21 + (2mV0d/~
2)
2
]
without resonance or antiresonance.
With spatially-modulated δ-potential scattering, the lowest evanescent mode is correlated
with the propagating mode. Interference between the direct tunneling path and that through
inter-subband scattering gives rise to resonant or antiresonant transmission. In our consid-
ered structure, the scattering potential acts in the spin space. Both the spin-conserved and
flipped transmission demonstrates resonance or antiresonance at certain incident energy and
CCH-well depth. Diagonal elements of the transition matrix V αβmn are 2mV0d/~
2 while the
cross elements depends on the CCH spiral structure. The potential well depth and the inter-
band scattering strength coact to the transmission probability. For all the spiral structure
considered, resonance or Fano resonance can be found at certain V0 and E parameter set
up.
Figs. 2 to 5 are transmission results for different spiral periods. For λ = 2a, 4a, and 6a,
only 1/2, 1/4, and 1/6 of the spiral period are within the waveguide, respectively. Geometry
of the scattering potential ”seen” by the transporting electron includes different waveguide
modes. Complete reflection occurs for both spin-conserved and flipped transmission, which
indicates a Fano resonance. As the spiral period increases difference between different λ
becomes less prominent.
λ = a is a special case as the spiral period equals the waveguide width. The x-component
of the magnetization spirals sinusoidally and the z-component of the magnetization spirals
consinusoidally in space. The sinusoidal component of the spin spiral sin q¯x coincides with
the second waveguide mode φ2 (x) =
√
2/a sin (2pix/a). As a result, spin-flipped trans-
mission is dramatically suppressed demonstrating approximate complete reflection in all
parameter regimes. And spin-conserved transmission demonstrates slow-varying antireso-
nance without considerable resonance. This can be explained by strong path interference of
the tunneling process.
The case is different for λ = a/2. There are two spiral periods within the waveguide.
The spiral variation sin q¯x coincides with higher waveguide mode φ4 (x) =
√
2/a sin (4pix/a).
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The eigenenergy of this mode ε4 ≈ 241 meV is far away from the first and second mode
energy, thus contributes little to interband transition and are neglected. Spin-conserved
transmission demonstrates an antiresonance and spin-flipped transmission demonstrates a
resonance.
For all the spiral periods, resonance peak in spin-conserved transmission occurs exactly
at the energy of the antiresonance valley in spin-flipped transmission and vice versa. This
can be interpreted by the scatterer profile. The sinusoidally-space-dependent spin exchange
coupling coacts with the δ-potential-well. Without the exchange coupling, transmission
through a δ-well in a waveguide varies monotonously in the E-V0 parameter plane. The
spin exchange coupling modulates this transmission probability in the spin space. Namely,
the plane δ-well transmission is enveloped by that modulation in spin space. The total
transmission including both the spin-conserved and spin-flipped one is that of a plane δ-
well. That beam of spin-up incidence is split with spin-up wave transmitted and spin-down
wave reflected. In this way, the CCH spiral also works as a spin splitter with fixed spiral
period and potential well depth.
Numerical results of the conductance are given in Fig. 6. Due to σy symmetry of the
spiral and our representation setup, conductance in the spin-up channel Gu equals that in
the spin-down channel Gd. Since T uu > T ud and T dd > T du, spin-conserved transmission
dominates the conductance. This is an effect of spiral chirality of the CCH. There would
be one spin dominance for a particular spin handedness or chirality analogous to circularly-
polarized light traversing a spiral grating25. We used right-handed spiral CCH throughout
our calculation, which gives rise to the spin-conserved transmission dominance. It can be
seen that the conductance sensitively depends on the spiral period of the CCH, which may
lend a potential way to measure the magnetization configuration of certain materials. To
further demonstrate this point we give numerical results of the conductance for continuously
varying CCH spiral periods in Fig. 7.
It can be seen in Fig. 7 that for λ smaller than a/2, spin-conserved transmission domi-
nates spin-flipped transmission. As multiple spiral periods are embedded in the waveguide,
spin-dependent transmission diffraction transits into interference. Spin-up (in the σy repre-
sentation) transmission is dramatically enhanced as right-handed spiral chirality is consid-
ered. For λ larger than a, spin-up transmission is larger than spin-down one as well also due
to the spiral chirality. As the spiral period λ is increased to multiple a, only a small segment
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of the spatial variation is included in the waveguide. Geometry of the scattering potential
”seen” by the transporting electron includes different waveguide modes. As the spiral period
increases, difference between different λ becomes less prominent. As discussed above, λ = a
and a/2 are two special cases with prominent Fano resonance. It is worth noting that the
transmission and hence the conductance change sharply at particular spiral periods λ = a/2
and a, which suggests robust potential measurement of the CCH spiral period using the 1D
waveguide Fano resonance effect.
We have also calculated conductance for the 5 nm-wide waveguide with CCH-film em-
bedded at other V0 and E values, and found that sharp increase or decrease is a general
phenomenon and occurs at different small λ. Also, when the embedded CCH spiral shifts
the sinusoidal phase by φ as n
r
= [sin(q¯x+ φ), 0, cos(q¯x+ φ)], similar Fano effect can be
expected. Since the sensitivity occurs at small λ relative to a, wider waveguides should be
used for long-period spirals. It can be seen from Eq. (3) that the waveguide eigen-energy
spacing increases in square of n. Therefore, for both small and large waveguide widths, the
two-subband cutoff is an acceptable approximation with the third subband level far above
the second one. Numerically, we considered waveguides’ width up to 50 nm, prominent Fano
effect and sharp conductance jump or fall occur as well. In our theoretical consideration, we
do not go to details of experimental setup. We provide analytical formulation with numerical
solutions referable for experimentalists.
In above numerical results, σy representation is used. In this representation, spin-up
conductance is equal to spin-down conductance. When we use ferromagnetic leads with
spin polarized in the y direction, no spin filtering effect occurs. However, for arbitrarily-
polarized ferromagnetic leads, spin filtering effect is measurable. Fig. 8 shows numerical
results of spin-up and down conductance in the σz representation. The two spin channels
are distinguished with prominent Fano resonance eminent in both channels.
IV. CONCLUSIONS
Spin-dependent Fano resonance in a CCH-film-embedded quasi-1D electron waveguide
was investigated. The CCH layer acts as a donor impurity with sinusoidally-space-dependent
spin-exchange coupling. From numerical results of the transmission and conductance for
arbitrary CCH spiral periods λ, it was found that the transport probabilities differ conspic-
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uously for different relation between λ and the waveguide width a. It was also found that
by tuning the CCH potential well depth, transmission varies with spin-conserved and spin-
flipped resonant or anti-resonant tunneling occurring at different incident electron energy.
The proposed device may have potential application in spintronics and spiral magnetization
determination.
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VI. APPENDIX
The spin-dependent interband transition matrix V αβmn for arbitrary f and l with λ = (fa)/l
can be derived as follows. Using the σy representation, matrix scattering potential in the
spin space
J˜nr · σ + V0d =

 V0d J˜ (cos q¯x− i sin q¯x)
J˜ (cos q¯x+ i sin q¯x) V0d

 , (12)
which is hermitian.
V uunm =
4m
a~2
∫ sin ( f
2l
nq¯x
) (
1 0
)(
J˜nr · σ + V0d
)
sin
(
f
2l
mq¯x
) 1
0



dx
= 4m
a~2
∫
sin
(
f
2l
nq¯x
)
V0d sin
(
f
2l
mq¯x
)
dx = 2mV0d
~2
δn,m.
(13)
For integer 2l/f ,
V udnm =
4m
a~2
∫ sin ( f
2l
nq¯x
) (
1 0
)(
J˜nr · σ + V0d
)
sin
(
f
2l
mq¯x
) 0
1



dx
= 4m
a~2
∫
sin
(
f
2l
nq¯x
)
J˜ (cos q¯x− i sin q¯x) sin ( f
2l
mq¯x
)
dx
= mJ˜
~2
[
δ
(
n,m+ 2l
f
)
+ δ
(
n + 2l
f
, m
)
− δ
(
n +m, 2l
f
)
+i (−1)
n+m− 2l
f
−1
pi(n+m− 2lf )
+ i (−1)
n−m+2l
f
−1
pi(n−m+ 2lf )
− i (−1)
n+m+2l
f
−1
pi(n+m+ 2lf )
− i (−1)
n−m− 2l
f
−1
pi(n−m− 2lf )
]
.
(14)
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In Eq. (14), the term is zero when its denominator is zero. For non-integer 2l/f ,
V udnm =
mJ˜
~2
[
(−1)n−m+1 sin( 2lpif )
(n−m− 2lf )pi
− (−1)
n+m sin( 2lpif )
(n+m+ 2lf )pi
+
(−1)n−m sin( 2lpif )
(n−m+ 2lf )pi
− (−1)
n+m+1 sin( 2lpif )
(n+m− 2lf )pi
+i
(−1)n+m cos( 2lpif )−1
pi(n+m− 2lf )
+ i
(−1)n−m cos( 2lpif )−1
pi(n−m+ 2lf )
−i (−1)
n+m cos( 2lpif )−1
pi(n+m+ 2lf )
− i (−1)
n−m cos( 2lpif )−1
pi(n−m− 2lf )
]
.
(15)
V dunm is the conjugate of V
ud
nm. And
V ddnm =
4m
a~2
∫ sin ( f
2l
nq¯x
) (
0 1
)(
J˜nr · σ + V0d
)
sin
(
f
2l
mq¯x
) 0
1



dx
= 4m
a~2
∫
sin
(
f
2l
nq¯x
)
V0d sin
(
f
2l
mq¯x
)
dx = 2mV0d
~2
δn,m.
(16)
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FIG. 1: Schematics of the proposed device. As shown in panel (a), propagation direction of the
quasi-1D waveguide is in the z-coordinate with lateral width a and infinite confining potential.
Panel (b) is the side intersection of the energy profile. The conducting chiral helimagnet (CCH)
layer has thickness d and potential-well-depth V0. The spiral spin structure of the CCH is sketched
in panel (c). The spin in one atomic layer of the x-y plane spirals in the x-direction with the
local magnetization direction nr = [sin q¯x, 0, cos q¯x], where q¯ = 2pi/a is the spin wave vector of the
spiral.
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FIG. 2: Spin-conserved transmission T uu as a function of the incident energy E and the CCH
well depth V0 in the CCH-film-embedded quasi-1D electron waveguide. The four panels are for
different spiral periods λ. As discussed in the text, only the propagating subband (the first one) is
considered. Here, T uu = T dd.
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FIG. 3: Spin-flipped transmission T ud as a function of the incident energy E and the CCH well
depth V0 in the CCH-film-embedded quasi-1D electron waveguide. As in Fig 2, the four panels are
for different λ and only the propagating subband is considered. Here, T ud = T du.
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FIG. 4: Spin-conserved transmission T uu as a function of the incident energy E for different λ
in the CCH-film-embedded quasi-1D electron waveguide. The CCH-well-depth V0 = 19 meV for
λ = a/2 and a; V0 = 14 meV for λ = 2a; and V0 = 3 meV for λ = 4a and 6a. As in previous
figures, only the propagating subband is considered. Also, T uu = T dd.
16
10 20 30 40 50 60
0.00
0.05
0.10
0.15
0.20
0.25
Tu
d
E (meV)
 =a/2
 =a
 =2a
 =4a
 =6a
FIG. 5: Spin-flipped transmission T ud as a function of the incident energy E for different λ in the
CCH-film-embedded quasi-1D electron waveguide. The CCH-well-depth V0 is the same as Fig. 4.
As in previous figures, only the propagating subband is considered. Also, T ud = T du.
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FIG. 6: Spin-up conductance Gu as a function of the incident energy E for different λ in the CCH-
film-embedded quasi-1D electron waveguide. Parameter settings are the same to Fig. 4. Also,
Gu = Gd.
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FIG. 7: Transmission and conductance as a function of the CCH spiral period λ for fixed waveguide
width a = 5 nm in the CCH-film-embedded quasi-1D electron waveguide. The waveguide depth
V0 = 3 meV and the incident electron energy E = 30 meV. Also, T
uu = T dd, T ud = T du, and
Gu = Gd. The green and magenta lines highlight the sharp change at λ = a/2 and a in the
conductance.
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FIG. 8: In σz representation, spin-up and down conductance G
u and Gd as a function of the
incident energy E for λ = a/2 in the CCH-film-embedded quasi-1D electron waveguide. V0 = 19
meV.
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